BASIC PROPERTIES OF LOG CANONICAL CENTERS 

FLORIN AMBRO 

Abstract. We present the elementary properties of log canonical centers of log varieties. 

1. Introduction 

Log varieties and their log canonical centers provide a natural setting for inductive argu- 
ments in higher dimensional algebraic geometry. The prototype log variety is {X, biEi), 
where X is a nonsingular variety, the i^j's are nonsingular prime divisors intersecting 
transversely, and bi G [0, 1]. If 6^ < 1 for all i, {X, hEi) has so called Kawamata log 
terminal singularities, and it has no log canonical centers. In general, some of the Ei^s 
will have coefficient one, and the connected components of their intersections are called 
log canonical centers. Further, let C be a log canonical center which is a connected com- 
ponent of Hi^jEi, where hi = 1 for all i E J. Then a successive application of the classical 
adjunction formula gives the log adjunction formula 

{Kx + b^E^)\c = Kc + Y, biEilc. 

Creating log canonical centers, restricting to them by adjunction, and lifting sections via 
vanishing theorems - these are the three steps of a powerful technique for constructing 
sections of adjoint line bundles in characteristic zero, parallel to the L^-methods for singu- 
lar hermitian metrics in complex geometry (see [HI [HI [15], [3] and [HJ [7] for the algebraic 
and analytic side of the story, respectively). 

In this note we present the elementary properties of log canonical centers. They are easy 
to see in our example above: its log canonical centers are nonsingular, finite in number, 
their intersections are unions of log canonical centers, and their unions have seminormal 
singularities. Most of these properties extend to the general case of log varieties with log 
canonical singularities, by Shokurov [17], Kollar Ein-Lazarsfeld [8|, Kawamata [12] 
and [2], under some mild extra hypotheses, and 0] in general. Since they seem to be 
obscured by the new terminology of quasi-log varieties in [1], we reproduce them here. 

Theorem 1.1. Let {X,B) be a log variety with log canonical singularities, defined over 
an algebraically closed field of characteristic zero. Then: 

(1) {X,B) has at most finitely many log canonical centers. 

(2) An intersection of two log canonical centers is a union of log canonical centers. 

(3) Any union of log canonical centers has seminormal singularities. 



^The author is supported by a 21st Century COE Kyoto Mathematics Fellowship, and a JSPS Grant- 
in- Aid No 17740011. 
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(4) Letx G LCS(X, B) be a closed point. Then there is a unique minimal log canonical 
center passing through x, and is normal at x. 

In previous approaches, when there exists < -B*^ < -B such that {X, B^) has Kawamata 
log terminal singularities, Theorem 11.11 follows from Kawamata- Viehweg's vanishing. The 
new idea is to use the log canonical version of Kollar's torsion freeness, instead of vanishing. 

2. Log varieties 

A log variety (X, B) is a normal variety X endowed with an effective M-Weil divisor 
B such that Kx + -B is M-Cartier. We assume that X is defined over an algebraically 
closed field fc, of characteristic zero. The canonical divisor Kx is defined as the Weil 
divisor (tu) of zeros and poles of a non-zero top rational differential form uj G A'^'™"^!)^ ®k 
k{X) (it depends on the choice of uj, but only up to linear equivalence). Now i? is a 
finite combination of prime divisors with real non-negative coefficients, and the M-Cartier 
hypothesis means that locally on X, Kx + B equals a finite sum X^i^*!'^*)) where rj G M 
and (fi G k{X)^ are non-zero rational functions on X. 

Let fi: X' X he a birational morphism. If we use the same top rational form to 
define canonical divisors, Kx = (uj) and Kx' = we have the log pull-hack formula 

l^*{Kx + B)=Kx' + Bx'. 

As the notation suggests, the M-Weil divisor Bx' is independent of the choice of uj. For 
a prime divisor E C X', the real number a{E] X, B) = 1 — mult£;(i?x') is called the log 
discrepancy of{X,B) at E. This number depends only on the valuation of k{X) defined 
by £^ C X' X. We call such a valuation geometric, and denote cx{E) = fi{E). 

Definition 2.1. The log variety {X,B) is said to have 

• log canonical singularities if a{E; X,B) > for every geometric valuation E of X. 

• Kawamata log terminal singularities if a{E; X,B) > for every geometric valua- 
tion E of X. 

The loci where (X, B) has log canonical and Kawamata log terminal singularities, re- 
spectively, are non-empty open subsets of X. We denote their complements by LCS(X, B) 
and (X, i?)_oo, respectively. In particular, (X, i?)_oo C LCS(X, i?), (X, i?)_oo = if and 
only if [X,B) has log canonical singularities, and LCS(X, 5) = if and only if {X,B) 
has Kawamata log terminal singularities. 

Remark 2.2. Suppose that {X,B) does not have log canonical singularities. Then for 
every cycle C C (X, -B)_oo and every positive integer n, there exists a geometric valuation 
E of X such that a{E; X, B) < —n and cx{E) = C. This property is behind our notation 
for the locus where (X, B) does not have log canonical singularities. 

Definition 2.3. A cycle C C X is called a log canonical center if (X, B) has log canonical 
singularities at the generic point of C, and there exists a geometric valuation E of X such 
that a{E] X,B) = and cx{E) = C. 

Example 2.4. Let X be a nonsingular variety and B = Yl\=i ^i^i: where 6j G ]R>o and 
{Ei}[^i are nonsingular prime divisors intersecting transversely. Let Iq = {i; hi = 1} and 
I-oo = {i; hi > 1}. Then 
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• The locus where (X, B) has Kawamata log terminal singularities is X\Ujg/(,u/_oc-^«- 
Its complement LCS{X,B) has a closed subscheme structure, with defining ideal 

• The locus where (X, B) has log canonical singularities is the open set X\Ujg/_^i?j. 

• The log canonical centers of {X, B) are the connected components of the intersec- 
tions Hi^jEi, for 7^ J C Jo . 

Remark 2.5. Our notion of log canonical center differs from the standard one used in the 
literature. The latter is defined as a center C = cx{E), where E' is a geometric valuation 
with a{E; X, B) < 0. In our case, we further require that {X, B) has log canonical 
singularities at the generic point of C. The two notions coincide for log varieties with 
log canonical singularities, but differ otherwise. For example, consider the log variety 
(C^,ifi + '2H2), where : (xj = 0). In the standard literature, Hi,H2, and every point 
of H2 is a log canonical center. In our sense, only Hi is a log canonical center. This 
seems reasonable, given that K£.2 +Hi + 2H2 cannot be restricted by adjunction to H2, or 
any its points. This also shows that the finiteness in Theorem II. fails in the non-log 
canonical case. 

Remark 2.6. By Hironaka, we may choose /i so that X' is non-singular, and the proper 
transform fJ,~^B and the //-exceptional locus ul^^Ei is supported by a simple normal 
crossings divisor. We have the following formula 

I 

Bx' = fi^'B + ^(1 - a{Ef, X, B))Ei. 

i=l 

One can see that (X, B)^^^ is the image in X of the components of Bx' with coefficients in 
(1, +C)o), and LCS(X, B) is the image in X of the components of Bx' with coefficients in 
[1, +00). The Ic centers of (X, B) are the sets ^{S), where S" is a connected component of 
an intersection of components of Bx' with multiplicity one, such that n{S) ^ {X,B)_^. 

Remark 2.7. Canonical singularities were introduced by Reid (see [in|) as the singulari- 
ties that appear on canonical models of projective manifolds of general type. Likewise, log 
canonical singularities are the singularities that appear on log canonical models of proto- 
type log varieties of general type. It would be interesting to similarly describe semi-log 
canomca/ singularities (see [1]) and quasi-log canonzca/ singularities (see [4J). 

To see this in the log canonical case, let (X, 5) be a log variety with log canonical 
singularities. In the setting of Remark 12.61 the following formula holds: 

I I 
Kx' + f^:'B + J2Ei = fi*{Kx + B) + Y, «(^^; B)Ei. 

i=l i=l 

By log canonicity, '^^^^a{Ei]X^B)Ei is effective and /i-exceptional, so this formula be- 
comes a relative Zariski decomposition for the /i-big log canonical divisor on the left-hand 
side, and we obtain 

^^,,Ox'{m{Kx' + ^l:^B + Y,E^)) = Ox{m{Kx + B)). 

meN 1=1 meN 
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Further, if B is rational, {X, B) is recovered as follows: the graded O^-algebra on the left 
hand side is finitely generated (since the right-hand side is), its Proj is X, and B is the 
push forward of fi~^B + Yli=i through the natural map X' ---> Proj. 

More generally, consider a log variety (X', B') with log canonical singularities, and a 
proper morphism tt: X' —>■ S such that Kx' + B' is 7r-big and rational. We expect that 
the graded Os-algebra 71{X'/ S, B) = 0„gp^ TT^Ox{fn{Kx' + B')) is finitely generated. If 
so, we obtain a natural birational map $: X' X := PToi{TZ{X' / S, B')), defined over 
S, and then (X, has log canonical singularities. 

3. A TORSION FREENESS THEOREM 

The main result of this section is Theorem 13.41 the log canonical version of Kollar's 
torsion freeness [13]. It is a special case of [H Theorem 3.2. (i)], but we reproduce it 
here for the convenience of the reader. We use vanishing results of Esnault-Viehweg [TOl 
Theorem 5.1], based on logarithmic de Rham complexes. Recall that the characteristic is 
zero. 

Theorem 3.1 ([lOj, Theorem 3.2). Let X be a nonsingular projective variety and T a 
Q-divisor such thatT ~q andT— \T\ = Yli=i ^i^i simple normal crossings support. 
Let di, . . . ,di E Z>o, and R a reduced divisor with no common components with Yl\=i 
such that R + Yl\=i^i ^^"^ simple normal crossings. Denote £ = Oxi—R+ \T\). Then 
the natural map of complexes 

I I I 

Q'x{logR + J2 Ei) ® £{- diEi) Q'x{logR + ^ E,) ® ^ 

1=1 1=1 i=l 

is a quasi-isomorphism, and the spectral sequence 

I I 
= H'^iX, n^(logi? + J2 ^i) ®^)^ W^\X, 9'x{\ogR + E,) ® 8) 

i=l i=l 

degenerates at Ei . 

Sketch of proof. Let n be a minimal positive integer with nT ~ 0. There exists a non-zero 
rational function Lp G k{X)^ such that {(p) = nT. Let vr: X' ^ X be the normalization 
of X in the field fc(X)(^/^). There exists an open subset f/ C X, with complement 
of codimension at least two, such that U' = 7c~^{U) is nonsingular and the restriction 
to U' of the support E'-, of i?j) is also a simple normal crossings divisor. Let 

d: Ou' —>■ ^l/'i^og^^-i E'-,\ij/) be the Kahler differential. The homomorphism 7r^,((i) is 
compatible with action of the Galois group Z/nZ = {(), so its component of eigenvalue (, 
denoted V, is an integrable connection on Ox{\T\) with logarithmic poles along ^^Ei. 
It is apriori defined only on [/, but it extends to X since Ox{\T\) is locally free. Its 
residues are 

RcseA^) = 5. ■ id: Ox{[T\) ® Oe, ^ Ox{[T\) ® Oe,. 
Now V induces an integral connection on Ox{—R + \T\) with logarithmic poles along 
R + Yli-^i- Since the residue of this connection along each Ei is given by multiplication 
with the fractional number Sj G (0, 1), it follows from [TOl Properties 2.9, Lemma 2.10] that 
the natural map of complexes is a quasi-isomorphism. The last statement follows from the 
degeneration of the spectral sequence associated to the Hodge filtration on a logarithmic 
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de Rham complex (Deligne [5l Corollary 3.2.13]), applied to some desingularization of 
X'. □ 

Corollary 3.2 ([10], Theorem 5.1). Let L,D be Cartier divisors on a nonsingular projec- 
tive variety X . Assume that there are nonsingular divisors Ei intersecting transversely, 
and hi G [0, 1] such that: 

(i) L^^Kx + Y.^hEi. 

(ii) D is effective, supported by J2o<bi<i ^i- 

Then the natural maps H'^{X, Ox{L)) — > H'^{X, Ox{L + D)) are injective for all q. 

Proof. The assumption (i) means that there exist rational functions (fj G k{X)^ and 
Vj G M such that L = Kx + + rj{ipj). We fix L — Kx — J2bieQ regard 

this equality of divisors as a system of equations in 6j G M \ Q and rj, in the vector space 
whose basis consists of all the prime divisors involved. The space of solutions is defined 
over Q, and since a solution exists, a rational solution exists. Therefore we may assume 
that biEQ and L ~q i^x + Ei biEi. 

Denote T = —L + Kx + J2i h^i- We have T — [TJ = J2o<bi<i ^i^i ^^"^ ~Q ^- Denote 
£ = Ox{[— J2bi=i + and consider the commutative diagram 

H'^iX, S{-D)) H'^iX, S) 

/3 

m%x, r]3,(iog E. E,) ® s{-D)) ^ e^(x, n^(iog E. e,) ® s) 

The first part of Theorem 13.11 gives that a is an isomorphism, and the second part implies 
that (3 is surjective. We infer that H'^{X,S{—D)) — »• H'^[X,S) is surjective. By Serre 
duality, H^{X,u!x^S~^) — >• H^{X,u!x^S~^{E>)) is injective. This is the desired injective 
map, since ux ® = Ox{\L- Eo<fe,<i biEi]) = Ox{L). □ 

Corollary 3.3. Let (X, Ej ^lEi) be a log variety such that X is nonsingular and proper, 
Ei are nonsingular divisors intersecting transversely, and hi G [0, 1] for all i. Let L be a 
Cartier divisor on X , and D an effective Cartier divisor, with the following properties: 

(i) H = L — {Kx + Yli ^iEi) "is a semiample M.-divisor. This means that H = ^2 - hiHi, 
where hi >0 and \Hi\ are linear systems free of base points. 

(ii) tH — D ~K D' for some effective R-divisor D' , and t > 0. 

(iii) Supp(Z^) and Supp(D') do not contain log canonical centers of {X,Y^^hiEi) . 

Then the natural maps H'^{X, Ox{L)) H'^{X, Ox{L + D)) are injective for all q. 

Proof. By Hironaka, there exists a birational modification fi: X' —>■ X such that X' is 
projective and nonsingular, and Bx' = fi*{Kx + T^i^iEi) — Kx', fJ'*D and fi*D' are all 
suported by a simple normal crossings divisor E'-,. Decompose Bx' = B' — A into the 
positive and negative part. 

By assumption, fi*D and fi*{D') do not contain components of [-B'J. Therefore there 
exists < e < 1 such that [B' + \A] - A + efi*D + efi*{D')\ = [B'\. Since fi*H is 
semiample, we may enlarge E^, and assume that there exists an M-divisor H' with 
the following properties: H' is supported by Ei' -^i' 5 has no common components with 
Bx', li*D and /i*(/^')> L^'J = 0, H' ~q (1 - tt)^i*H. We obtain 

\A~\ + ^i*L ~Q Kx' +B' +\A~\- A + efi*D + efi*{D') + H'. 



6 



FLORIN AMBRO 



Since the effective Cartier divisor fi*D is supported by the fractional part of the boundary 
B' + \A] - A + efi*D + e^*{D') + H' , Corollary O gives the injectivity of map 

H\X\Ox'{\A-\ +ii*L))-^H\X\Ox'{\A-\ + ft* L + ft* D)) . 

On the other hand, fi^:Ox'{\A]) = Ox and R'^fi^:Ox'{\A]) = for g > 0. In particular, 
H^Ox'{\A] +n*L) = Ox{L) and m^i^Ox'{\A~\ + fi*L) = for g > 0. The Leray spectral 
sequence 

= H^iX^R'^fi^Ox'ilA] +fi*L)) =^ H'f'+'^iX',Ox'i\A] + fi*L)) 

degenerates, so we obtain an isomorphism H'^{X, Ox{L))^H''{X' , Ox'{,\A] +fi*L)). Sim- 
ilarly, we obtain an isomorphism H%X,Ox{L + D))^H'^{X' ,Ox'{\A] + fi*L + fi*D)). 
The result follows. □ 

Theorem 3.4. Let {X,Y2^biEi) be a log variety such that X is nonsingular, Ei are 
nonsingular divisors intersecting transversely, and hi G [0,1] for all i. Let f: X ^ S 
be a proper morphism, and L a Cartier divisor on X such that L — Kx — ^i^i ^■^ 
f -semiample. 

Let q > and s a local section of f^Ox{L) , which is zero at the generic points of 
f{X) and f{C), for every log canonical center C of (X, hiEi). Then s = 0. 

Proof. We may assume that 5* is affine and f{X) = S. Then L — Kx — Yli^i^i 
semiample, and after possibly enlarging E^, we may assume L ~(q Kx + Ylii ^i^i- 

Assume by contradiction that the conclusion is false. Then there exists an effective 
very ample divisor A ow S such that f*A does not contain any log canonical center of 
(X, biEi), and the homomorphism R'^f^Ox{L) R'^ f^Ox{L)®Os{A) is not injective. 
In particular, we may compactify X and S and assume that the homomorphism 

H%S, R'f.OxiL + f*A)) ^ H%S, R'f.OxiL + 2f*A)) 

is not injective. Consider the commutative diagram of spectral sequences 

= H^iS, R'f.OxiL + f*A)) =^ HP-^%X, Ox{L + f*A)) 

y 

E^''' = HP{S,Ox{L + 2f*A)) =^ HP+'i{X,Ox{L + 2f*A)) 

The map 

^ H^X, Ox{L+f*A)) is injective, so we conclude that the homomorphism 
H'i{X, Ox{L + f*A)) H\X, Ox{L + 2/*A)) 
is not injective. This contradicts Theorem 13. 3[ □ 

4. Proof of Theorem 11.11 

Remark 4.1. Let X be a nonsingular variety, Xlie/ ^ simple normal crossings divisor, 
/', I" non-empty subsets of /, and C a connected component of fljg/'-E'j. Then C C \Ji^i"Ei 
if and only if /' n /" ^ 0. 

Lemma 4.2. Let (X, B) be a log variety with log canonical singularities, and W a union 
of log canonical centers of {X,B). Let yu: X' ^ X be a resolution of singularities with 
log pullback fi*{K + B) = Kx' + Bx', such that fi^^{W) is a divisor and ^~^(W) U 
Supp(Sx') has simple normal crossings. Let S be the union of prime divisors E on X' 
with mult£;(-Bx') = 1 o-nd E C n^^iW). Then Ow = tJ'*Os- 
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Proof. We have a unique decomposition Bx' = S + R + A — A, where S consists of the 
components of Bx' with coefficient equal to one and which are included in fi~^{W), R 
consists of the components of Bx' with coefficient equal to one but which are not included 
in fi'^{W), A is the part of Bx' with coefficients in (0, 1) and —A is the negative part of 
Bx'. By Remark |4?T] applied to R and fi~^(W), no connected component of an intersection 
of components of R is mapped inside W. Consider the exact sequence 

fi,Ox'{\A]) fi,Osi\A\s]) ^ R'fi.Ox'ilA] - S). 

By W = ij{S), \A] - S = Kx' + R + \A] - A + A - ^i*{K + B) and Theorem [331 
the last map is zero. Therefore /i^Ox'(r^l) ~^ lJ'*Os{\^\s) is surjective. Since B is 
effective, we deduce that A is /^-exceptional. Therefore Ox = /^*C'x'(r^l), which implies 
li.Os = Ow □ 

Proof of Theorem (11. ip . (1) Choose fi: X' — > X such that X' is smooth and Bx' has 
simple normal crossings support. The log canonical centers are the images on X of the 
components of Bx' with coefficient one, and their intersections. Therefore they are finite. 

(2) Let 6*1,6*2 be two log canonical centers. By (1), it suffices to show that for every 
closed point x E Ci D C2, there exists a new log canonical center a; G C*3 C Ci U C*2. 

Let = C*i U C*2. We may choose /i so that the hypotheses of Lemma hold. In the 
notations of Lemma we have /i*^^ = Ow- In particular, S* ^ C*i U C*2 has connected 
fibers. Therefore there are prime components Ei,E2 of S such that fi{Ei) = Ci and 
El n E2 n 7r~^(x) 7^ 0. Let Z be a connected component of Ei fl E2 which intersects 
7r^^(x). Then C3 = is an log canonical center with x G C*3 C C*i U C*2. 

(3) Let W be the union of some log canonical centers. We may choose fi so that the 
hypotheses of Lemma 14.21 hold. In the notations of Lemma 14. 2[ we have ii^Os = Ow 
Since S clearly has seminormal singularities, we infer by ^ Proposition 4.5] that W has 
seminormal singularities. 

(4) Fix X G LCS(X, 5) and consider {X,B) as a germ near x. By (1) and (3), there 
exists a unique log canonical center x G C* which is minimal with respect to inclusion. 
It remains to check that C is normal near x. Construct 5* as above with ^*Os = Oc- 
Since C is minimal, every connected component of an intersection of components of S 
dominates C. Consider the simplicial scheme {Sn = (Sq/S)'^"- — *• S)n>o, where 6*0 —> 5* is 
the normalization (see [6]). Each irreducible component of Sn is nonsingular and mapped 
onto an intersection of components of S, hence it dominates C. Then each Sn —>■ C factors 
through the normalization of C. These factorizations glue (cf. [U Lemma 2.2. (ii)]), so that 
S —>■ C factors through the normalization of C. But fJ^^^Os = Oc, so C is normal. □ 
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